The concept of twisted Poincaré symmetry, as well as some implications, is reviewed. The spin-statistics relation and the nonlocality of NC QFT are discussed in the light of this quantum symmetry. The possibility of a twisted symmetry principle for quantum field and gauge theories formulated on a noncommutative space-time is also explored. §1. Twisted Poincaré symmetry
§1. Twisted Poincaré symmetry
The study of the quantum space-time, described by the Heisenberg-like commutation relation
where θ µν is an antisymmetric matrix, is strongly motivated by string theory, 1) as well as the merging of Heisenberg's principle with Einstein's theory of gravity.
2) The traditional framework for constructing quantum field theory (QFT) on such a noncommutative (NC) space-time has been the Weyl-Moyal correspondence, in which to each field operator Φ(x) corresponds a Weyl symbol Φ(x), defined on the commutative counterpart of the space-time. Also, in the action functional, the products of field operators, e.g. Φ(x)Ψ (x) is replaced by the Moyal -product of Weyl symbols, Φ(x) Ψ(x), where
In this correspondence, the operator commutation relation (1 . 1) becomes
and NC models have been built by taking their commutative counterparts and replacing the usual multiplication by -product. Such NC field theories lack Lorentz invariance, while the translational symmetry is preserved. On the 4-dimensional space-time there exists a frame in which the antisymmetric matrix θ µν takes a block-diagonal form. The Lorentz group is thus broken to its O(1, 1) × SO (2) subgroup (if according to the present-day wisdom, one considers θ 0i = 0), and one consequently encounters a problem with the representations: both O(1, 1) and SO (2) being Abelian groups, they have only one-dimensional unitary irreducible representations and thus no spinor, vector etc. representations.
The problem with the representations had been a standing one until it was realized that NC QFTs possess, however, a quantum symmetry (see the monographs 3)-5) ), namely under the twisted Poincaré algebra 6) (see also Ref. 7 ) for a dual approach), which is the universal enveloping of the Poincaré algebra U(P) viewed as a Hopf algebra deformed with the Abelian twist element 8)
This induces on the algebra of representation of the Poincaré algebra the deformed multiplication, 5) which is nothing else but the -product (1 . 2). The twist (1 . 4) does not affect the actual commutation relations of the generators of the Poincaré algebra P. However it deforms the action of the generators in the tensor product of representations, or the so-called coproduct. In the case of the usual Poincaré algebra, the coproduct ∆ 0 ∈ U(P) × U(P) is symmetric,
for all generators Y ∈ P. The twist F deforms the coproduct:
This similarity transformation is compatible with all the properties of U(P) as a Hopf algebra, since F satisfies the twist equation:
The deformation of the coproduct requires, for consistency, a corresponding deformation of the multiplication (1 . 5) in the algebra of representations. Taking in (1 . 5) φ(x) = x µ and ψ(x) = x ν , one obtains:
Thus, the construction of a NC quantum field theory through the Weyl-Moyal correspondence is equivalent to the procedure of redefining the multiplication of functions, so that it is consistent with the twisted coproduct of the Poincaré generators (1 . 6). The emerging NC QFT is invariant under the twisted Poincaré algebra.
The main physical implication is that the representation content of the twisted Poincaré algebra is identical to the usual Poincaré algebra, because the commutation relations of the generators themselves are exactly the same. This justifies all the results which had been previously obtained in NC QFT, using the representations of the usual Poincaré algebra. Moreover, the twisted Poincaré symmetry implies a new concept of relativistic invariance for the NC space-time. 9) The formulation of this particular form of noncommutativity of space-time as a quantum symmetry was first done in the context of noncommutative string theory and quasitriagular Hopf algebras 10) and soon afterwards in the dual language to Hopf algebras, 7) but overlooking the transparent approach of twisting the universal enveloping algebra of the Poincaré algebra, as well as the implications on the field representations.
The twisted Poincaré symmetry sheds a new light on the issues in which the representations of the fields are important. It is of course interesting to see whether it also leads to some fundamentally new results. Many interesting developments have been already investigated: the twisted Poincaré symmetry has been extended to the supersymmetric case, 11) the relation between the global θ-Poincaré deformation and the explicit symmetry breaking has been established, 12) but probably the most studied aspect at the moment is the noncommutative gravity formulated by twisting the algebra of diffeomorphisms. 13), * )
In the following we shall consider two crucial aspects of NC QFT: the spinstatistics relation -which is the basis for the stability of matter in the Universe, and whose possible violation would have major implications, and a new possibility of formulating noncommutative gauge theories -an essential ingredient for any plausible model building. The latter aspect will be considered in a more general framework of a possible twisted symmetry principle for NC QFT and gauge theories.
§2. The spin-statistics relation in NC QFT
The spin-statistics relation in NC QFT was proven to be valid both using Pauli's approach 15) and in the axiomatic formulation based on the O(1, 1)×SO(2) symmetry group. 16) The quantum group approach to NC QFT fully supports these previous results. To show this, we shall make a short digression to braided groups. Quantum groups (of which the twisted Poincaré algebra is an example) are not correlated to any kind of statistics, in the sense that the permutation of different copies of the same objects does satisfy usual bosonic/fermionic commutation rules. Another possible line of development is to use the idea of the deformation (generalization) of the very permutation rule ("statistics"), leading to the so-called braided groups (see Ref. 4) and references therein). Quantum and braided groups stem from the same quantum Yang-Baxter equation, which leads to the fact that every quantum group equipped with an universal R-matrix has a braided-group analog.
The R-matrix relates, by a similarity transformation, the coproduct ∆ t to its opposite ∆ op t = σ • ∆ t , where σ is the usual permutation operator of factors in the tensor product:
The Hopf algebra H in which ∆ t and ∆ op t are related by such an invertible R-matrix is called a quasi-triangular Hopf algebra. In the case of the twisted Poincaré algebra, the situation is even simpler, since the R-matrix can be easily shown to be (using * ) It is however puzzling that the general coordinate transformations are deformed with the frame-dependent twist (1 . 4), leading to a usual -product, which does not transform under general coordinate transformations. This approach does not match the string-theoretical one, 14) and therefore the problem deserves a further, perhaps more sophisticated, treatment. (1 . 6) and (2 . 1)) presented as:
which satisfies R 12 R 21 = 1. As a result, the twisted Poincaré algebra is a so-called triangular Hopf algebra. Turning back to braided groups, the braided permutation (or simply braiding) Ψ differs essentially from the bosonic or graded permutation by the fact that Ψ = Ψ −1 . By finding the braiding Ψ , one can see how quantum groups with universal R-matrix generate nontrivial statistics. Consider now V and W , two (co)representation spaces of the quasi-triangular Hopf algebra H. Then the braiding is given by
where is the action of R ∈ H ⊗ H, with its first factor acting on V and the second factor acting on W , followed by P -the usual vector-space permutation. This particular form (2 . 3) for the braiding is obtained by requiring consistency with the quantum group action, in other words, Ψ V,W has to be intertwiner of representations. Indeed, if we consider the action of an element of a quasi-triangular Hopf algebra h ∈ H,
In general for a quasi-triangular Hopf algebra, R 21 = R −1 , consequently Ψ = Ψ −1 and nontrivial statistics emerges. However, in the case of a triangular Hopf algebra, like the twisted Poincaré algebra, R 21 = R −1 , leading to Ψ = Ψ −1 . In other words, Ψ is symmetric, and not braided. Consequently, NC QFTs with twisted Poincaré symmetry do not experience nontrivial statistics, although the notion of permutation is deformed using the R-matrix.
This rigorous argument based on the analogy between quantum and braided groups can be made more transparent physically by taking a concrete example. Consider a free quantum scalar field of mass m, expanded as:
where dµ(p) = dp (2π) 3/2 2E p and p 0 = E p = p 2 + m 2 . When taking products of quantum fields, one has to deform them by the use of the inverse of the twist element (1 . 4). At this stage, one is faced with the choice of taking a particular realization of the momentum generator P µ . One possibility is to take the Minkovski space realization, P µ = i∂ µ , in which case we shall obtain a -product between exponentials e ikx e ipx = e ikx e ipx e − i 2 kθp (with the notation kθp = k µ θ µν p ν ) and the usual product between the creation and annihilation operators. Another option, since the creation and annihilation operators are themselves representations of the momentum generator,
, is to take the realization as quantum momentum generator P µ = d 3 k k µ a † (k)a(k), in which case there will be aproduct between the creation and annihilation operators, e.g.
kθp , but then with the usual multiplication of the exponentials. 17), * )
In the case of the Minkovski space realization, the commutation relations of the creation and annihilation operators are taken, as usual, as in commutative QFT and the multi-particle states are defined naturally as
since the multiplication of the operators is not deformed. As a result, the spinstatistics relation is obviously preserved. In the case of the quantum realization of the momentum generator, the commutation relations of creation and annihilation operators have to be written ascommutation relations:
but now the multi-particle states are naturally defined also with -product,
According to the new concept of permutation which has to be used in this case, given by the braiding (2 . 3), a two-particle state, for example, is symmetric if
This equality can be easily derived by using (2 . 3) and the obvious relation
21 . It is also straightforward to show that the equality (2 . 8) is equivalent to the equality (2 . 5), in other words, the -commutation relation of the creation operators (2 . 5) ensures the symmetry of the multi-particle states in accordance with the generalized (deformed) permutation. At a basic quantum mechanical level, this can be understood as follows: 19) the deformed commutation relations of creation and annihilation operators introduce a phase factor in the new states |n , compared to the usual ones |n . Thus, the system is defined in the same space of physical states, by choosing a different representation (by a phase shift) for the wave functions. Therefore, one has the same representation of the permutation group and no deformation of statistics (see also Ref. 20) for a direct check of this statement).
We can conclude that NC QFT with twisted Poincaré symmetry does preserve the spin-statistics relation just as in the commutative case. * * ) It is interesting that * ) There exists still the option of deforming the multiplication between exponentials and creation and annihilation operators, as elements of different representation spaces of the momentum generator. This possibility was explored in Ref. 18 ) with the same results as the other two options presented here.
* * ) Starting from the same hypotheses, in Ref. 21 ) the opposite conclusion was reached.
the quantum group result is even stronger than the one obtained in the Lagrangian formulation, which left open the possibility that NC QFT with light-like noncommutativity may violate the spin-statistics relation. 15) According to the quantum/braided group approach, any NC QFT with twisted Poincaré symmetry defined in Ref. 6 ) has the correct spin-statistics relation, known from usual relativistic QFT.
Quantization of fields and causality condition
Using the quantization mentioned above and the perturbative approach, one obtains the causality condition as vanishing of the commutator of Heisenberg fields out of the light-wedge 22) 
where it was assumed for simplicity that only θ 12 = −θ 21 = 0, all the other elements of the θ-matrix being zero. Remark that one cannot obtain a meaningful commutation relation in operatorial form, but only in terms of diagonal (physical) matrix elements. The -products between fields taken at different points is justified by the fact that the fields belong to the tensor product of two copies of the algebra A θ , and after twisting the universal enveloping algebra of the Poincaré algebra, the elements of different copies of A θ ⊗ A θ do not commute,
This noncommutativity can be achieved if we consider a -product between fields at different space-time points, φ(x) φ(y). 7), 17), 23) Consequently, the Wightman functions, for example, will be rigorously written with -products, 0|ϕ(
The light-wedge causality condition is a mark of the infinite nonlocality in the noncommutative directions, leading, among other things, to the UV/IR mixing. This nonlocality is supported by dual twisted Poincaré group, generated by the parameters of global transformations, Λ µ ν , a µ . It was shown that, while the parameters of rotations still commute, the parameters of finite translations do not commute:
Moreover, in Ref. 12) it was proved that the global twisted Poincaré group is physically equivalent to the stability group of the θ-matrix, i.e. O(1, 1) × SO (2) , which justifies the axiomatic approach based on this group and the derived consequences (the extensions of the spin-statistics and CPT theorems). 16), 24) §3. Twisted gauge theories
It is natural to ask whether the concept of twist provides a symmetry principle in constructing NC field theories, i.e. any symmetry that NC field theories may enjoy, be it space-time or internal symmetry, global or local, should be formulated as a twisted symmetry. To investigate this issue, let us consider the possibility of formulating twisted gauge theories.
NC gauge theories have been traditionally formulated by using the Weyl-Moyal correspondence, 25) i.e. replacing in the action for a commutative gauge theory all the products by -products. It turns out that the gauge symmetry that these theories enjoy is strongly constrained 26) due to the presence of the -products: only U (n)-gauge groups close (not, e.g., SU (n)) and a no-go theorem applies, stating that i) matter fields can only be in (anti)-fundamental, adjoint or singlet states and ii) for any NC group consisting of several group factors, matter fields can transform nontrivially under at most two groups.
Any reasonable model building is impossible without circumventing somehow this no-go theorem. Therefore, a twisted symmetry principle which would lead to NC gauge theories with any local internal group of symmetry and admitting any representations would represent a remarkable progress. The idea to twist the coproduct of the gauge generators with the same Abelian twist (1 . 4) was explored in Ref. 27 ). Concretely, the hope was that, if an individual field transforms under infinitesimal gauge transformations as
then the -product of two fields will transform as: 27) 
However, this could be true only in the case in which once a field transforms in a representation of the gauge group, its derivatives of any order would transform in the same representation, i.e. 
Clearly, (3 . 3) is against the very concept of gauge principle, and thus this approach in constructing twisted gauge theories is not consistent. 28) However, the idea should not be abandoned, since one could replace the usual derivatives by covariant derivatives, in which case indeed we have
This suggests us to introduce a non-Abelian twist element 29)
where Exp is a power series expansion which reduces to the usual Abelian twist in the absence of gauge fields. The non-Abelian twist element has to satisfy a twist condition like (1 . 7), which would ensure the associativity of the correspondingproduct. So far, in spite of having considered the most general ansatz, a power series of the form (3 . 5), satisfying the twist condition, has not been found. 29) It is intriguing that the external Poincaré symmetry and the internal gauge symmetry cannot be unified under a common twist. The situation is somehow reminiscent of the Coleman-Mandula theorem and it is interesting to speculate whether supersymmetry may reverse the situation. §4. Conclusions
